The aim of the paper is to present a design framework for two-degree-of-freedom (2DoF) proportional integral (PI) controllers that allows to deal with the control system performance/robustness trade-off. It is based on the use of a model reference optimization procedure with target servo-control and regulatory control closed-loop transfer functions for first-and second-order-plus-dead-time (FOPDT, SOPDT) models. A smooth servo/regulatory combined performance is obtained by forcing both closed-loop transfer functions to perform as close as possible to target non-oscillatory dynamics.
Introduction
Since their introduction in 1940 [1, 2] commercial proportional integral derivative (PID) controllers have with no doubt become the best option in industrial control applications. The success is mainly due to its simple structure and the meaning of the corresponding three parameters. This fact makes PID control easier to be understood by more control engineers than advanced control techniques. In addition, the performance of a PI or PID controller is satisfactory in most of industrial applications. See [3, 4] as an example.
Since Ziegler and Nichols [5] presented the PID controller tuning rules, a great number of procedures have been developed, from the classic methods of Cohen and Coon [6] , López et al. [7] , and Rovira et al. [8] , and modifications of the original tuning rules [9] [10] [11] , to a variety of new techniques such as: analytical tuning [12, 13] ; optimization methods [14, 15] ; gain and phase margin optimization [14, 16] .
O'Dwyer [17] presents a collection of tuning rules for PI and PID controllers, which shows their abundance.
Among different approaches, the direct or analytical synthesis constitutes a quite straightforward approach to PI/PID controller design. The controller synthesis presented by Martin [18] made use of zero-pole cancellation techniques. Similar relations were obtained by Rivera et al. [19] , applying the IMC concepts [20] to tune PI and PID controllers for low-order process models. A combination of analytical procedures and the IMC tuning can be found in [13, [21] [22] [23] [24] .
A common characteristic of the analytically deducted tuning methods is that they include a design parameter usually related with the closed-loop control system speed of response. The selection of such design parameter will not only affect the system performance but also its relative stability.
In industrial process control applications, the set-point remains normally constant and a good load-disturbance rejection is required; regulatory control. In addition, due to process operation conditions, the set-point may eventually need to be changed and then a good transient response to this change is required; the so called servo-control. However, because these two demands can not be simultaneously satisfied with a one-degree-of-freedom (1DoF) controller, the use of a two-degree-of-freedom (2DoF) controller allows to tune the controller considering the regulatory control-loop performance and the robustness while using the extra parameter that is provided to improve the servo-control behaviour.
The control system design procedure is usually based on the use of low-order linear models identified at the closed-loop normal operation point. Due to the non-linear characteristics in most of the industrial processes, it is necessary to consider the expected changes in the process characteristics assuming certain relative stabil-ity margins, or robustness requirements for the control system. Therefore the design of the closed-loop control system with 2DoF PI controllers must take into account the trade-off between the system performance to loaddisturbance and set-point changes and the robustness to variation of the controlled process characteristics [25] .
If only the system performance is taken into account, using an integrated error criterion (integrated absolute error (IAE), integrated timeweighted absolute error (ITAE), or integrated squared error (ISE)) or a time response characteristic (overshoot, rise time, or settling time), as in [26, 27] , the resulting closed-loop control system will probably have very low robustness. On the other hand, if the system is designed to have high robustness, as in [10] , and if the performance of the resulting system is not evaluated, the designer would have no idea of the cost involved in operating such a highly robust system. In some previous studies [28, 29] , the performance and robustness of the system were taken into account for optimizing the IAE or ITAE performance, but only the usual minimum level of robustness could be guaranteed.
Without considering the exception of [13, 21, 22] the analytically deducted and the IMC-PID tuning rules normally do not take into account the performance/robustness trade-off or provide a recommendation for the design parameter selection.
An alternative way for designing 2DoF PI controllers is presented in this case. What is presented in this paper is a design framework that allows considering all the previously commented aspects at once. The design is build up on a constrained model matching model reference optimization that allows resolving the performance/robustness trade-off with the selection of an appropriate design parameter for first-and second-order-plus-dead-time controlled process models.
As additional contribution the approach also provides a framework where different tuning rules can be evaluated and compared. An original way of establishing such comparison is addressed.
This paper is organized in the following way: the transfer functions of the controlled process model, the controller, and the control system are presented in Section 2; the proposed optimization procedure is described in Section 3; the optimization procedure is summarized in Section 4 and a comparison with other tuning methods is shown in Section 5. The paper ends with some conclusions.
Problem Formulation
Consider the closed-loop control system in Figure 1 
The closed-loop control system output, The regulatory control main objective is the load disturbance rejection; this is, to return the controlled variable to its set-point if a disturbance enters to the control system. For the servo-control, it is intended to follow a setpoint change; this is, to bring the controlled variable to its new set-point. These two different responses will depend on the closed-loop transfer functions in (1) and may not be independently selected if a 1DoF controller is used but may be selected with a constrained independence if a 2DoF controller is used.
The development of the proposed design approach for 2DoF PI controllers will take into account the closed-loop control system performance stating target responses for both the set-point and the load-disturbances step changes and measuring the control system performance with the integrated absolute error and the control effort total variation, and its robustness with maximum sensitivity.
2DoF proportional integral controller
The process will be controlled with a twodegree-of-freedom proportional integral Controller output (2) will be rewritten for the analysis (not for the implementation) as
where
is the 2 PI controller part applied to the setpoint r, the set-point controller transfer function, and
is the 2 PI controller part applied to the feedback signal y, the feedback controller transfer function.
The servo-control and the regulatory control closed-loop transfer functions in (1) are now
and
which are related by
Over damped controlled process models
The over damped controlled processes will be represented by a linear model given by the transfer function
T L aTs Ts
where K is the model gain, T its main time constant, a the ratio of its two time constants
Model transfer function (9) allows to represent first-order-plus-dead-time (FOPDT) processes ) 0 (  a , over damped second-order-plus-deadtime (SOPDT) processes
, and dual-pole-plus-dead-time (DPPDT) processes
The parameters of the controlled process model
, may be identified from the process reaction curve [29] .
Closed-loop target transfer functions
For the development of the proposed design method, it is important to have the lowest possible number of design parameters. The control system response target to a load-disturbance step change will have only one design parameter c T (the closed-loop time constant). It is selected as non-oscillatory; for a smooth response; and with no steady-state error, by the following target transfer function
where o K and c T are the regulatory control closed-loop transfer function static gain and time-constant respectively. In a PI regulatory control system the closed-loop transfer function gain o K in (10) is given by
Using (11) and (4) in (6) the servo-control closed-loop transfer function results in:
Then, to have a response to a set-point step change without oscillation and no overshoot, and with no steady-state error, the servo-control closed-loop target transfer function is selected as Using (13) and (11) in (1) 
Controller Design
Usually, the design of 2DoF PI controllers is made in two stages [10, 29, [32] [33] [34] . First, the parameters ) , ( (5) required to obtain the desired regulatory control performance and/or a closed-loop control system with a specific robustness level are determined for a set of parameters of the controlled process model p  . After that and on a second step, the set-point controller (4) free parameter ) ( is used to improve the servocontrol performance.
Then a different approach is followed. The complete set of 2 
PI controller parameters
will be obtained when considering, the regulatory control and the servocontrol performance at once, to obtain a controller with a target servo/regulatory combined performance that will also produce a closedloop control system with a specific robustness level.
The closed-loop control system target response (14) 
Regulatory control cost functional
For the regulatory control response the cost functional is defined as
is the step response of the regulatory control target closed-loop transfer function (11) and ) (t y d the corresponding one of the regulatory control system (7) with the controlled process (9) and the controller (5).
Servo-control cost functional
In a similar way the servo-control cost functional is defined as
where ) (t y t r is the step response of the servocontrol target closed-loop transfer function (13) and ) (t y r the corresponding one of the servocontrol system (6) with the controlled process (9) and the controller (4).
Controller optimization
For the 2DoF PI controller design an overall cost functional given by
is optimized to obtain the controller optimum parameters
Note that ) , ( 
Performance and robustness evaluation
To allow the designer to select the appropriate design parameter c  both the control system performance and robustness must be evaluated.
Performance
The control system output performance will be evaluated using the integrated-absolute-error cost functional given by
This cost functional will be evaluated by regulatory ) ( ed J and servo-control ) ( er J operation.
On the other hand the control effort total variation will be evaluated by
that also will be evaluated by load-disturbances ) ( ud TV and set-point ) ( ur TV changes.
Robustness
The closed-loop control system robustness will be computed using the maximum sensitivity
Robust tuning of 2DoF PI controllers
Consider as a controlled process the four-order model proposed as benchmark in [35] and given by the transfer function
Using the three-point identification procedure 123c [21] FOPDT and SOPDT models were obtained whose parameters are listed in Table 1 . For the SOPDT model and following the proposed design procedure the parameters obtained for robust tuned 2DoF PI controllers are listed in Table 2 . Table 2 . shows the existing performance/robustness trade-off. To increase the control system robustness M S , its performance (speed) needs to be reduced, increasing c  .
2DoF PI Controller Tuning
From the sections above the whole design procedure can be summarized as follows:
1. Obtain the model (9) from the controlled process reaction-curve or critical information.
Select a design parameter c
 .
3. Optimize the cost functional T J (19) 
Comparison with other Tuning Methods
For comparison purposes the following PI tuning methods that include a design parameter to deal with the performance/robustness trade-off were selected: the IMC based IMC-PID in [36] and the Simple Control (SIMC) [11] for 1DoF PI/PID controllers, and the Analytical Robust Tuning ) ( 2 ART [21, 22] for 2DoF PI/PID controllers.
The same four-order controlled process (24) and models listed in Table 1 , will bee used for the comparison.
In the particular process model used in this example, the IMC and SIMC tuning result in the same PI parameters.
Although the design parameter  c has the same meaning in all the compared methods its influence over the control system performance and robustness is different because the closed-loop transfer functions used in the deduction of the methods were not necessarily the same. Considering this and to obtain a comparison on the same base, the design parameter used with each of the methods compared was selected to obtain a specific robustness level
. Therefore, some iterations where needed when applying the selected tuning methods and the design method outlined in Section 4.
In this approach however all methods will provide the same robustness level, allowing to concentrate the analysis to the performance indicators.
The normalized (respect to the best one) performances, J ed , J er , obtained from the above methods are shown in Figure 3 and the normalized control effort total variation in Figure 4 . From the performance results it is noted the performance/robustness trade-off. If the control systems robustness is increased, its performance decreases. It is also noted that for the same robustness level the PI controller obtained from the SOPDT model has better regulatory control performance without a reduction of its servo-control performance.
The control effort total variation has an inverse relation to the control system robustness. An increase in the control system robustness produces a smoother controller output. Given the results it is evident that the 1DoF PI controller (IMC/SIMC tuning) produces high changes in the controller output to a set-point step change that produces higher overshoots and more oscillating responses when a fast response low robust system; is specified. The setpoint weight factor of the 2DoF controllers allows a smooth controller output for all robustness levels. An overall evaluation of the control system characteristics; performance and control effort versus robustness; shows that the proposed PI controller design procedure provides the required flexibility to take into account several of the conflicting control system design criteria.
Conclusions
The proposed design framework for twodegree-of-freedom (2DoF) proportional integral (PI) controllers allows to deal with the control system performance/robustness trade-off selecting the design parameter c  to produce fast and nearly non-oscillating responses to a set-point or load-disturbance step change, non requiring excessive control effort variations.
From the comparison made with other tuning methods it is evident that the same robustness levels may be obtained with different sets of controller parameters, then some other quantitative and qualitative indicators are needed to evaluate the control system behaviour.
The use of the proposed design methodology may be used to obtain tuning rules that will produce robust control systems.
